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A. Lie-B\"acklund symmetry .
$R(u)$ $u_{0},$ $u_{1},$ $u_{2},$ $\ldots$ , $Du_{j}=u_{j+1}(j=0,1,2, \ldots)$
$D$ $u_{0}$ $u$ $\partial/\partial u_{i}$ $(i=0,1,2, \ldots)$





(1.2) $\lceil f,$ $g$ ] $=\partial_{f}g-\partial_{g}f$ .
:
(1.3) $[\partial_{f}, \partial_{g}]=\partial_{f}\partial_{g}-\partial_{g}\partial_{f}=\partial_{[f,g]}$ .
$u(x, t)$
(1.4) $u_{t}=H(u, u_{1}, u_{2}, \ldots, u_{m})(H\in R(u))$ ,






(1.6) ($R(u)$ ) (1.4)
Lie- Backlund symmetry ( symmetry) $f$ (1.4) a symmetry
$u$ $u+\epsilon f$ $\epsilon$
symmetry (1.2)
(1.6) $[H, f]=0$ (1.4) symmetry






$u_{1},$ $H$ symmetry ( symmetry )




$R(u)$ $D$ Laurent ) $DL_{H}\subset L_{H}$ $\prime D$
(symmetry )recursion operator
$\mathcal{D}$ symmetry
(1.7) $[\partial_{H}-D(H), \mathcal{D}]=0$ ,
$\mathcal{D}$ recursion operator (Olver [O]) Recursion operator sym-
metry $H$ symmetry $\{D^{n}H;n=1,2,3, \ldots\}$
$D$ $f\in R(u)$
(1.8) $D\cdot[D, \partial_{f}-D(f)]=[D, \partial_{\mathcal{D}f}-D(Df)]$
Fuchssteiner([F]) hereditary operator
recursion operator hereditary operator
$R(u)$ $f$ (1.4)
(1.9) $\partial_{H}f=Dg$
$g\in R(u)$ $\partial_{H}$ $D$
$x$ $f$ $u$ ( $xarrow\pm\infty$
)
$\sim$ $R(u)$ $f,$ $g\in R(u)$
$f-g=Dh$ $h\in R(u)$ $f$ $g$ $f\sim g$
(1.9)
(1.9) $\partial_{H}f\sim 0$





B. Schouten bracket Hamilton .
$R(u)$ $\tilde{R}(u)$ $<,$ $>$
(1.10) $<f,g>= \int$ fgdx $(f, g\in R(u))$
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$\mathcal{P}=$ $p_{j}D^{j}(p;\in R(u))n$ : )
$j=-\infty$
$\mathcal{P}^{*}$
$\mathcal{P}^{*}=\sum_{j}(-1)^{j}D^{j}\cdot p_{j}=\sum_{i}\sum_{k\geq 0}(-1)^{j}(D^{k}p_{j})(\begin{array}{l}jk\end{array})D^{j-k}$ .
(1.11) $<\mathcal{P}f,$ $g>=<f,$ $\mathcal{P}^{*}g>$
($\mathcal{P}f$ $P^{*}g$ well-defined ) $f,$ $g\in R(u)$
$\mathcal{P}$ $Q$ Schouten bracket [$\mathcal{P},$ $QJ$ $R(u)$ $\tilde{R}(u)$
(1.12) $[\mathcal{P},$ $\mathcal{Q}I(f, g, h)=<\partial_{\mathcal{P}f}(Q)g,$ $h>+<\partial_{Qf}(\mathcal{P})g,$ $h>$
$+cyclic$ sum for $(f,g, h)$ , $f,$ $g,$ $h\in R(u)$ ,
$([GD1,2])$ $\partial_{f}(\mathcal{P})(f\in R(u))$ $\mathcal{P}=\sum p_{j}D^{j}$ $\partial_{f}$
$\partial_{f}(\mathcal{P})=\sum(\partial_{f}p_{j})D^{j}$
$\prime lt$ $\mathcal{H}^{*}=-Tt$ $\mathcal{H}$ $f,$ $g,$ $h\in R(u)$
(1.13) $[\mathcal{H},$ $7tJ(f, g, h)=0$
$\mathcal{H}$ Hamilton $\mathcal{H}$ Hamilton
$\tilde{R}(u)$ Poisson bracket $\{$ , $\}_{H}$
(1.14) $\{\tilde{f},\tilde{g}\}_{\mathcal{H}}=<\frac{\delta f}{\delta u},$ $\mathcal{H}\frac{\delta g}{\delta u}>$ ,
$\delta/\delta u$
(1.15) $\frac{\delta}{\delta u}=\sum_{j}(-1)^{j}D^{j}\cdot\partial_{j}$ .




$\mathcal{H}$ $\mathcal{K}$ Hamilton Schouten bracket $0$ $f,$ $g,$ $h\in$
$R(u)$ , $\mathcal{K}1(f, g, h)=0$ $(?t, \mathcal{K})$ Hamilton $(\mathcal{H}, \mathcal{K})$
Hamilton Hamilton recursion
operator $D$ Hamilton $\mathcal{H}$ $\mathcal{K}$ $\mathcal{D}=\mathcal{K}\cdot \mathcal{H}^{-1}$
$(\mathcal{H}, \mathcal{K})$ Hamilton D heredirary operator
$($Gel’fand-Dorfman [GD2],Fuchssteiner-Fokas $[FF])_{\text{ }}$
$u_{t}=H(H\in R(u))$ $H$ Hamilton $\mathcal{H}$
$h$
(1. 16) $H=Tl \frac{\delta h}{\delta u}$
Hamilton Hamilton
$\tilde{f}\in\tilde{R}(u)$ $\{\tilde{h},\tilde{f}\}_{\mathcal{H}}=0$
Lie $(C_{H}, \{, \}_{H})$ $?t \frac{\delta}{\delta u}$ $(C_{H}, \{, \}_{?i})$ $(L_{H}$ , [, ] $)$
Lie
recursion operator $D$ Hamilton (Hamilton $\mathcal{H}$ ) $\mathcal{D}$ $’\kappa$











$R(u)$ $u_{0}(=u),$ $u_{1},$ $u_{2}$ , . . . $u$ (operator




$R(u)$ $D$ $D$ $R(u)$
$rD^{-1}\cdot sr,$ $s\in R(u)$
$rD^{-1}\cdot s$ $R(u)$ $f$ $sf$ $r$
($sf$ ) $rD^{-1}\cdot s$
$ddi$ (operator ddi;) $r*ddi(s)$ $KdV$ $u_{t}=u_{3}+3uu_{1}$
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a recursion operator: $D^{2}+2u+u_{1}D^{-1}$ $D**2+2*u(0)+u(1)*ddi(1)$




( $f$ operator $f;$ ) $D^{n}$ $f=f(0)$
diop $(D^{n}, f(0))$ $f(n)$ $ind$
(operator ind; for all $f$ let df(ind $(f),x)=f;$ ) $7i=u_{1}D^{-1}\cdot u_{1}$









(linear ind;) depend u,x; $ind(2*u(0)-3*u(1), x)$
B. Recursion operator .
$\mathcal{D}$ recursion operator (1.7)
(2. 1) $\partial_{H}(\mathcal{D})-[D(H), D]=0$
(3.1) procedure
(1) $\mathcal{D}$ $\partial_{H}$ $\partial_{H}(D)$
dfev $(D, H)$ .
(2) $H$ (1.5) $D(H)$
$fdiff(H)$ .
(3) $D$





$H=u(3)+3*u(1)*u(0)$ ( $KdV$ ) dfev $(D, H)=ddi(u(3)+3*u(1)*u(0))$
$ddi$ ( procedure consddi)






procedure dipart $(\mathcal{P})$ .
(3-2) $\mathcal{P}$ $\mathcal{Q}$ procedure sekidd $(P, \mathcal{Q})$ .
(3-3) $\mathcal{P}$ $D$ procedure sekidi $(\mathcal{P}, D)$ .
(3-4) $D$ $\mathcal{P}$ procedure sekiid $(\prime D, \mathcal{P})$ .
sekidd seki $(D, \mathcal{P})=D$ $\mathcal{P}=P\cdot D+df(\mathcal{P}, x)$
sekidi $\mathcal{P}$ $f\cdot ddi(g)=fD^{-1}\cdot g$
$\mathcal{P}$ $\mathcal{P}_{0}$ $\mathcal{P}_{1}$ ($\mathcal{P}_{1}$ $D$ )
seki $(P, f*ddi(g))=P \cdot fD^{-1}\cdot g=\frac{\mathcal{P}_{1}}{D}\cdot fg+(D(f)g+\mathcal{P}_{0}f)D^{-1}\cdot g$
( ) sekiid
$D^{-1}\cdot h\cdot D=D^{-1}\cdot(D\cdot h-D(h))=h-D^{-1}\cdot D(h)$
( )
C. Hereditary operator .
D hereditary operator (1.8) $R(u)$ $g$
(2. 2) $(\partial_{\mathcal{D}f}(D)-D\cdot\partial_{f}(D))g-(\partial_{\mathcal{D}g}(D)-D\cdot\partial_{g}(D))f=0$
(2.2) $f,$ $g\in R(u)$ $D$ hereditary operator
(2.2) procedure
(1) $\mathcal{D}$ $R(u)$ $f$ diop $(\mathcal{D}, f)$ (2-A)
$ind$
(2)(2.2) 2 $f$ $g$
( )
$f$ $g$ conv $(p, f, g)$ ( $p$
$f$ $g$ procedure)
$D$ (2.2) procedure
herop $(D)$ REDUCE $f,$ $g$
procedure $f,$ $g$








(2.3) $0$ herop $(D)$






$f(m-1)*p-ind(f(m-1)*df(p, x))$ ($g$ ) procedure
pintfg recursion operator herop
procedure pint$fg$ $0$
D. Schouten bracket .
procedure $?t$ $\mathcal{K}$
(1.12) ( (1.12) ) procedure
scbra $(?t, \mathcal{K})$ $f,$ $g,$ $h$ $\mathcal{H}$









scbra $(?t, ?t)$ 869
procedure mvind, pintind, pint
(1) Procedure mvind ($p$ , list); $p$ list







(2) Procedure pintind ($p$ , list); (1) $P$ list
Algebraic mode procedure list
$g$ $P$ $ind(g)$ $f$ $f$






(3) Procedure pint $(p)$ ; procedure procedure
(I) Procedure pint$fgh(p)$ ; pint$fg$
$P$ $f,$ $g,$
$h$
(II) Procedure pintu ; (i): $P$ $u(j)$ $j$
$u(m)$ $m$ $0$ $p$ $u(m)$ $p$
(ii) (ii): $p$ $u(m)$ $q$
$q$ $u(m-1)$ $p$ $:=p-D(u(m-1)q)$ $q$ $u(m-1)$
$q$ $u(m-1)$ $k$ $u(m-1)^{k}$ $r$







mvind, pintind $\ovalbox{\tt\small REJECT} 1$ list
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